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1 Introduction and the Main Results 

In this paper, we consider the first order non-autonomous Hamiltonian systems 

z{t) = JVH{t, z{t)), \/z G M^", Vt G M, (1.1) 
where J = ( j rf" standard symplectic matrix, J„ is the unit matrix of order 



Jn ^ 

n, H e C^(M X M^",M) and VH{t, z) is the gradient of H{t, z) with respect to the space 
variable z. We denote the standard norm and inner product in R^" by | ■ | and (■,■), 
respectively. 

Suppose that H{t,z) = |(5(t)z,z) + H{t,z) and H G C^{R x R2",M) satisfies the 
following conditions: 

(HI) H{T + t,z) = Hit, z), for all z G R^", t G M, 
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(H2) H{t, z) = H{-t, Nz), for all z G M^"^ teR, N = 

(H3) H"{t, z) > 0, for all z G M2"\{o}, t G R, 

(H4) H{t, z) > 0, for all z G M^", t G M, 
(H5) = o(|z|2) at ;z = 0, 

(H6) There is a 61 G (0, 1/2) and f > such that 

< l;H{t, z) < {z, VH{t, z)), for all z G M^'', \z\>f,teR, 

(H7) ]3{t) is a symmetrical continuous matrix, l-Bl^o < /^o for some /Jq > 0, and 
is a semi-posit ively definite for all t G M, 

(H8) B{T + t)= B{t) = B{-t), B{t)N = NB{t), for all t G R. 

Recall that a T-periodic solution {z, T) of (II. ip is called brake solution if z{t+T) = z{t) 
and = Nz{—t), the later is equivalent to z{T/2 + 1) = Nz{T/2 — t), in this time T 
is called the brake period of z. Up to the authors' knowledge, H. Seifert firstly studied 
brake orbits in second order autonomous Hamiltonian systems in [29] of 1948. Since 
then many studies have been carried out for brake orbits of first order and second order 
Hamiltonian systems. For the minimal periodic problem, multiple existence results about 
brake orbits for the Hamiltonian systems and more details on brake orbits one can refer the 
papers [1,3-6,11-13,19,23,26,31] and the references therein. S. Bolotin proved first in [5] 
(also see [6]) of 1978 the existence of brake orbits in general setting. K. Hayashi in [13], 
H. Gluck and W. Ziller in [11], and V. Benci in [3] in 1983-1984 proved the existence of 
brake orbits of second order Hamiltonian systems under certain conditions. In 1987, P. 
Rabinowitz in [26] proved the existence of brake orbits of first order Hamiltonian systems. 
In 1987, V. Benci and F. Giannoni gave a different proof of the existence of one brake 
orbit in [4]. In 1989, A. Szulkin in [31] proved the existence of brake orbits of first order 
Hamiltonian systems under the A/2-pinched condition. E. van Groesen in [12] of 1985 
and A. Ambrosetti, V. Benci, Y. Long in [1] of 1993 also proved the multiplicity result 
about brake orbits for the second order Hamiltonian systems under different pinching 
conditions. Without pinching conditions, in [23] (2006) Y. Long, D. Zhang and C. Zhu 
proved that there exist at least two geometrically distinct brake orbits in every bounded 
convex symmetric domain in M" for n > 2. Recently, C. Liu and D. Zhang in [19] proved 
that there exist at least [n/2] + 1 geometrically distinct brake orbits in every bounded 
convex symmetric domain in M" for n >2, and there exist at least n geometrically distinct 
brake orbits on nondegenerate domain. 
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For the non-autonomous Hamiltonian systems, for periodic boundary (brake solution) 
problems, since the Hamiltonian function H is T-periodic in the time variable t, if the 
system (11. ip has a T-periodic solution (2:1, T), one hopes to find the j'T-periodic solution 
{zj,jT) for integer j > 1, for example, {zi,jT) itself is j'T-periodic solution. The subhar- 
monic solution problem asks when the solutions Zi and Zj are distinct. More precisely, 
in the case of brake solutions, zi and zj are distinct if ^ * zi{-) = -2i(^ + ') 7^ ^i(') for 
any integer k. In other word, Zj(t) 7^ Zi(t)) and Zj(t) 7^ Zi(T/2 + t) for t G [0,T]. In 
below we remind that the Lo-indices of the two solutions zi and {kT) * Zi for any A; G Z in 
the interval [0,T/2] are the same. In this paper, we first consider the brake subharmonic 
solution problem. We state the main results of this paper. 

Theorem 1.1. Suppose that H G ^^(M x M^n.^^) satisfies (H1)-(H8), then for each 
integer I < j < 2TT/j3oT, there is a jT -periodic nonconstant brake solution Zj of U.l\) 
such that Zj and z^j are distinct for k > 5 and kj < 27t/i3qT. Furthermore, {zkp\p G N} 
is a pairwise distinct brake solution sequence of ( (i. il) for k > 5 and 1 < k^ < 2t[ / (3oT . 

Especially, if B{t) = 0, then 2t[ / l3oT = +00. Therefore, one can state the following 
theorem. 

Theorem 1.2. Suppose that H G C^{R x R'^''^,R) with B{t) = satisfies (H1)-(H6), 
then for each integer j > 1, there is a jT -periodic nonconstant brake solution Zj of M.l\) . 
Furthermore, given any integers j > 1 and k > 5, zj and Zkj are distinct brake solutions of 
U.l\) . in particularly, {zkp\p G N} is a pairwise distinct brake solution sequence of U.l\) . 

The first result on subharmonic periodic solutions for the Hamiltonian systems z{t) = 
JVHlt, z{t)), where z G M^" and H{t, z) is T-periodic in t, was obtained by P. Rabinowitz 
in his pioneer work [27]. Since then, many new contributions have appeared. See for 
example [8,9,18,20,30] and the references therein. Especially, in [9], I. Ekeland and 
H. Hofer proved that under a strict convex condition and a superquadratic condition, 
the Hamiltonian system z{t) = JVHit, z{t)) possesses subharmonic solution z^ for each 
integer k > 1 and all of these solutions are pairwise geometrically distinct. In [18], the 
second author of this paper obtained a result of subharmonic solutions for the non-convex 
case by using the Maslov-type index iteration theory. We notice that in [32] T. An wants 
to improve the result of [18], but there is a gap in his proof when applying Theorem 2.6 
there to prove his Theorem 1.3. Precisely, the formula (2.17) in [32] is not true since 
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the middle term it^B) + uriB) + 1 should be ikT^B) + VkT^B) + 1. Up to the authors' 
knowledge, Theorem 11.11 and 11.21 are the first results for the brake subharmonic solution 
problem for the time being. 

The main ingredient in proving Theorem ll.ll and ll.2l is to transform the brake solution 
problem into the Lo-boundary problem: 

/ z(t) = JVH{t,z{t)), \fz e M^", Vt G [0,T/2], 

\ ziO) e Lo, z{T/2) G Lo, ^''^^ 
where Lq = {0}©M" G A(n). A(n) is the set of all linear Lagrangian subspaces in (M^", uq), 

n 

here the standard symplectic form is defined by c^o = X] dxiAdyi. A Lagrangian subspace 

i=l 

L of M^" is an n dimensional subspace satisfying ujo\l = 0. 

Lemma 1.3. Suppose the Hamiltonian function H satisfying conditions (HI), (H2) and 
(H8). If (z, T/2) is a solution of the problem U.S\) . then {z,T) is a T-periodic solution 
of the Hamiltonian system (1-1) satisfying the brake condition z{T/2 + t) = Nz{T/2 — t), 
where z is defined by 

r z(t), tG[0,T/2], 
"^^'^ \ Nz{T-t), te (T/2,T]. 

Proof. It is easy to see that z{t) is continuous in the interval [0,T]. By direct compu- 
tation, 

z{t + T/2) = -iVi(T/2 - t) = JNVH{T/2 - t, z{T/2 - t)) 
= JVH{t + T/2, Nz{T/2 - t)) = JVH{t + T/2, z{t + T/2)). 

So {z,T) is a T-periodic solution of the Hamiltonian system (11. ip . The brake condition 
is satisfied by the definition of z. The proof of Lemma [1.31 is complete. □ 

By this observation, we then use the Galerkin approximation methods to get a critical 
point of the action functional which is also a solution of (13. ip with a suitable Lo-index 
estimate, see Theorem 13. II below. The L-Maslov type index theory for any L G A{n) was 
studied in [16] by the algebraic methods. In [23], Y. Long, D.Zhang and C. Zhu estabhshed 
two indices /ii(7) and fj^2{l) for the fundamental solution 7 of a linear Hamiltonian system 
by the methods of functional analysis which are special cases of the L-Maslov type index 
iLil) for Lagrangian subspaces Lq = {0} © M" and Li = © {0} up to a constant n. In 
order to prove Theorem 11.11 and 11.21 we need to consider the problem f l3.ll) . The iteration 
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theory of the Lo-Maslov type index theory developed in [17] and [19], then help us to 
distinguish solutions Zj from z^j in Theorem 11.11 and 11.21 

This paper is divided into 3 sections. In section 2, we give a brief introduction to the 
Maslov-type index theory for symplectic paths with Lagrangian boundary conditions and 
an iteration theory for the Lo-Maslov type index theory. In section 3, we give a proof of 
Theorem 11.11 and 11.21 

2 Preliminaries 

In this section, we briefly recall the Maslov-type index theory for symplectic paths 
with Lagrangian boundary conditions and an iteration theory for the Lo-Maslov type 
index theory. All the details can be found in [15-17,19]. 

We denote the 2n-dimensional symplectic group Sp{2n) by 

Sp{2n) = {M G ^(M2")|M^JM = J}, 

where ^{E?^) is the set of all real 2n x 2n matrices, is the transpose of matrix M. 
Denote by ^^(IR^") the subset of =Sf (M^") consisting of symmetric matrices. And denote 
the symplectic path space by 

V{2n) = {7 G C([0,l],5p(2n))|7(0) = hn}- 

We write a symplectic path 7 G V{2n) in the following form 




where S{t), T{t), V{t), U{t) are n x n matrices. The n vectors come from the column 
of the matrix are linear independent and they span a Lagrangian subspace of 

(M^"-,u;o). Particularly, at t = 0, this Lagrangian subspace is Lq = {0} © R^". 

Definition 2.1. (see [16]) We define the LQ-nullity of any symplectic path 7 G V{2n) by 

I'Loil) = dimkeriy(7(l)) := dimker V{1) = n — rank V{1) 

with the n X n matrix function V{t) defined in Ii2.1\) . 

For Lo = {0} © R", We define the following subspaces of Sp{2n) by 

Sp{2n)l^ = {M eSp{2n)\deWM^Q}, 
Sp{2n)l^ = {MeSp{2n)\detVM = 0}, 
Sp{2n)% = {M e Sp{2n) \ ± det Vm > 0}, 
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where M = and ^p(2n)t = Sp{2n)t U Sp{2n)l . And denote two subsets 

yJ-M UmJ 000 

of V{2n) by 

n^n)l^ = beP{2n)\uLM = 0}, 

V{2n)l^ = {l^V{2n)\uL,{i)>Q}. 

We note that rank ~ ^' ^'^ complex matrix U{t)±\/ —lV{t) is invertible. 

We define a complex matrix function by 

Qit) = iUit) - ^V{t)){U{t) + ^V{t))-\ 

It is easy to see that the matrix Q{t) is a unitary matrix for any t e [0, 1]. We define 

= (X y • = (-1 o') • = <^-S (-1. 1. ■ ■ • . 1). 

For a path 7 e '?'(2n)2o, ^® ^^^^ adjoin it with a simple symplectic path starting 
from J = — M+, that is, we define a symplectic path by 



lit)- 



Jcos^-^^ + Jsin^-^^, [0,1/2], 
7(2t-l), [1/2,1]. 



Then we choose a symplectic path (3{t) in Sp{2n)}^^ starting from 7(1) and ending at M+ 
or M_ according to 7(1) e Sp{2ri)'l^ or 7(1) e Sp{2n)l^, respectively. We now define a 
joint path by 



7(2i), [0,1/2], 
/3(2i-l), [1/2,1]. 



By the definition, wc sec that the symplectic path 7 starting from — M_|_ and ending at 
either M_|_ or M_. As above, we define 

Qit) = {U{t) - V^vmuit) + 

for 7(t) = ^^1^1 ^(^)} choose a continuous function A{t) in [0,1] such that 

det Q{t) = e^^^W. 

By the above arguments, we see that the number ^(A(l) — A(0)) e Z and it does not 
depend on the choice of the function A.{t). 
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Definition 2.2. (see [16]) For a symplectic path 7 G V{2n)\^, we define the Lo-index of 
7 by 

^Lo(7) = -(A(1)-A(0)). 

TT 

Definition 2.3. (see [16]) For a symplectic path 7 G V{2n)\^, we define the Lo-index of 
7 by 

iLoin) = iiif{^Lo(7)l7 ^ '^(2'^)lo5 o'^f^ 7 is sufficiently close to 7}. 

We know that A{n) = U{n)/0{n), this means that for any hnear subspace L G A{n), 
there is an orthogonal symplectic matrix P = with A ± \J —\B G U{n), the 

unitary matrix, such that PLq = L. P is uniquely determined by L up to an orthogonal 
matrix C G 0{n). It means that for any other choice P' satisfying above conditions, there 
exists a matrix C E 0{n) such that P' = P (see [24]). We define the conjugated 

symplectic path 7c G V{2n) of 7 by 7c(t) = P''^'y{t)P. 

Definition 2.4. (see [16]) We define the L-nullity of any symplectic path 7 G V{2n) by 

ULil) = dimkerL(7(l)) := dimker Vc{l) = n — rank V^(l), 

where the nxn matrix function Vc{t) is defined in ^2. ij) with the symplectic path 7 replaced 
by. ^e ^ it) = (^^^'^ "^^^'A 

Definition 2.5. (see [16]) For a symplectic path 7 G V{2n), we define the L-index of •y 
by 

In the case of linear Hamiltonian systems 

y = JB{t)y, VyGM^", (2.2) 

where B G C(M, =5fs(R^")). Its fundamental solution 7 = 7^ is a symplectic path starting 
from identity matrix /2„, i.e., 7 = 7^ G V{2n). We denote by 

iiiB) = iiilB), ^l{B) = vl{1b)- 
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Theorem 2.6. (see [16]) Suppose 7 G V{2n) is a fundamental solution of ^2.^) with 
B{t)>0. There holds 



hil) > 0. 

Suppose the continuous symplectic path 7 : [0, 2] Sp(2n) is the fundamental 
solution of (I22D with B{t) satisfying B{t + 2) = B{t) and B{1 + t)N = NB{1 - t). This 
implies B{t)N = NB{—t). By the unique existence theorem of the differential equations, 
we get 

^(1 +t) = iV7(l - t)7(l)-iiV7(l), 7(2 + t)= 7(t)7(2). 



We define the iteration path of 7|[o,i] by 



lit), tG [0,1], 

r 7W, te[o,i], 

\ iV7(2-t)7(l)-iiV7(l), tG [1,2], 
lit), tG [0,1], 

iV7(2-t)7(l)-iiV7(l), tG [1,2], 
7(t- 2)7(2), tG [2,3], 

lit), t e [0,1], 

iV7(2-t)7(l)-iiV7(l), tG [1,2], 
7(t- 2)7(2), tG [2,3], 
iV7(4-t)7(l)-iiV7(l)7(2), tG [3,4], 



and in general, for A; G N, we define 



7 



2fc-l 



it) 



lit), tG [0,1], 

iV7(2-t)7(l)-iiV7(l), tG [1,2], 



l^'it) 



N-f{2k - 2 - t)7(l)-lA^7(l)7(2)2'=-^ t G [2A; - 3, 2A; - 2], 
7(t -2k + 2)7(2)2^-^ t G [2A; - 2, 2A; - 1], 

lit), tG [0,1], 

iV7(2-t)7(l)-^iV7(l), tG [1,2], 



7(t -2k + 2)7(2)2fc-^ t G [2A; - 2, 2A; - 1], 
N-f{2k - t)7(l)^iiV7(l)7(2)2'=-3^ t G [2A; - 1, 2k]. 



Recall that iiu^il), ^uiil)) is the tu-index pair of the symplectic path 7 introduced in [20], 
and iit,°il),^^°il)) is defined in [19]. 



8 



Theorem 2.7. (see [19]) Suppose ujk — e^^^l^ . For odd k we have 

(fc-l)/2 

i=l 
(k-l)/2 

i=l 

for even k, we have 

k/2-l 
k/2-1 

1=1 

where o;^^^ = '\/— T- 

Theorem 2.8. (see [19]) There hold 

iiil^) = iioil^) +iLi{'y^) +n, 

1^1 (7^) = ^Loh^) + ^L,{l^), 

where Li = R {0} e A(n). 

In the following section, we need the following two iteration inequalities. 
Theorem 2.9. (see [17]) For any 7 G V{2n) and k eN, there holds 

+ ^ Hi') + ) -n)< iUl') 
< ^Loil') + ^ (^l(f) +n)- i^^i(f ^) + IMi% ^/ e 2N - 1, 
^i.o(7^) + ^^(7^) + (I - 1) (^1(7') + ^1(7') - ^) < ^Lob') < ^L,{l') + 
+ (I - 1) (^1(7^)+^^) - IMi'') + l^l') + ^^-1(7'), ^fk e 2K 
Remeirk 2.10. Prom (3.17) of [19] and Proposition B of [23], we have that 

iLo{B)<t!:,°{B)<tL,{B)+n, 
\iLo{B)-iLAB)\<n, 

where Li = M © {0} G A(n). 
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3 Proof of Theorem [ET] and D 



In this section, we first consider the following Hamiltonian systems 



z{t) = JVH{t,z{t)), Wz e M^'^, Wt e [0,jT/2], 
z{0) e Lo, z{jT/2) e Lo, 



(3.1) 



where j G N. The following result is the first part of Theorem ll.li 

Theorem 3.1. Suppose H{t,z) G C^iR x R2",M) satisfies (H4)-(H7), then for 1 < 
j < 2-n / [3oT , /IS. 1\) possesses at least one nontrivial solution Zj whose L^-index pair 
{iLo (zj), {zj)) satisfies 

So we get a nonconstant brake solution {zj,jT) with brake period jT of the Hamiltonian 
system U.l\) by Lemma \1 . 31 

In order to prove Theorem 13.11 we need the following arguments. For simplicity, we 



suppose T = 2. Let X := \ ze W^/^'^{[0, j],R'^'')\z = Y,ef^'zu zi G Lq, \\z\\x < +oo 



In the following, we use (■, ■) and || • || to denote the inner product and norm in X, 
respectively. It is well known that if r G [1, +oo) and z G L''([0, j], M^") then there exists 
a constant > such that \\z\\Lr < Cr||;z||. 



Then i? is a compact self-adjoint operator (see [20]) and A is a self-adjoint operator, i.e., 
{Au,v) = {u,A*v) = {u,Av). 
Indeed, by definition 



be the Hilbert space with the inner product 




We define the linear operators A and i? on X by extending the bilinear form 
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Since {~Ju{t),v{t))\l = uJo{u{T),v{T)) - ujo{u{0),v{0)) = 0, so {Au,v) = {u,Av), i.e., A 
is a self-adjoint operator. 
We take the spaces 

f m 

Xra = <ze X\z = ^ eT^^zi, Zi G Lo 



x^ 



I z e X\z = ^e^-^^zi, ziElA 
I «>o J 

Ize X\z = ^ef-'^zu ziElA 



and X+ = n X+, = n X". We have X^ = X+ © X° © X". We also know 
that 

,3.2) 

= -yll^f , V^gX-. (3.3) 

Equalities (13. 2p and (13. 3p can be proved by definition and direct computation. Let Pm '■ 
X Xm be the corresponding orthogonal projection for m G N. Then F = {Pm', m G N} 
is a Galerkin approximation scheme with respect to A (see [15]). 

For any Lagrangian subspace L G A(n), suppose P G Sp{2n) fl 0{2n) such that 
L = PLq. Then we define X^ = PX and X™ = PX„. Let P*" : X^ X]^. Then as 
above, F = {P™; m G N} is a Galerkin approximation scheme with respect to A. For 
(i > 0, we denote by MJ(Q), * = +, 0, — , the eigenspaces corresponding to the eigenvalues 
A of the linear operator Q : Xl Xl belonging to [d,+oo), {—d,d) and (— oo,— rf], 
respectively. And denote by M*{Q), * = +,0,—, the eigenspaces corresponding to the 
eigenvalues A of Q belonging to (0, +oo), {0} and (— oo,0), respectively. For any adjoint 
operator Q, we denote Q« = {Q\imQ)~\ and we also denote P'^QP"' = (P'"QP'")|x™. 
The following result is the well known Galerkin approximation formulas, it is proved 
in [15]. 

Theorem 3.2. For any B{t) G C([0, 1], =Sf,(M2")) with its the L-index pair (^^(P), i^l{B)) 
and any constant < d < -\\{A — P)^||^^, there exists mg > such that for m > mo, we 



11 



have 



dimM+(P'^(A-fi)P'") 
dimM^-(P'^(A - B)P"') 
dimMO(P'"(A - P)P'") 



mn - iL{B) - ul{B) 
mn + ihiB) + n, 



We need to truncate the function H at infinite. That is to replace H hj a. modified 



function Hk which grows at a prescribed rate near oo. The truncated function was defined 
by P. Rabinowitz in [25]. Let > and select x ^ C°°(]R, M) such that x{s) = 1 for 
s<K, = for s > + 1, and < for s G (K, K + 1). Set 



(H4)-(H6) with 9 being replaced by ^ = max{^, 1/4}, and \VHK{t, z)\ < {z, VHxit, z)) + 
b, where 6 > is a constant. 

Define a functional on X by 



Suppose W is a real Banach space, g G C^(W,M). g is said satisfying the (PS) 
condition, if for any sequence {xg} C W satisfying g{xg) is bounded and g'{xg) — > as 
g — > oo, there exists a convergent subsequence {xg^} of {xg} (see [25]). Let ipm = V^|x™ 
be the restriction of ip on X^. Similar to Proposition A of [2], we have the following two 
lemmas. 

Lemma 3.3. For all m G N, (fm satisfies the (PS) condition on Xm- 

Lemma 3.4. (p satisfies the (PS)* condition on X with respect to {z^}, i-e., for any 
sequence {z^} C X satisfying Zm G X^, '■Pmi.Zm) is hounded and \\'p'mi.^m)\\{Xm)' ~^ 
in {X^y as m +oo, where (X^)' is the dual space of X^, there exists a convergent 
subsequence {zm,^} of {z^} in X. 

In order to prove Theorem 13.11 we need the following definition and the saddle-point 
theorem. 



where = max 




HK{t, z) = x{\z\)H{t. ^) + (1 - x{\z\))rK\z\\ 

'^-Yir~\K < 1^1 < + 1, t G [0, j] > . It is known that Hk still satisfies 
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Definition 3.5. (see [10]) Let E be a C"^ -Riemannian manifold and D he a closed subset 
of E. A family 0(a) of subsets of E is said to be a homological family of dimensional q 
with boundary D if for some nontrivial class a G Hg{E,D). The family 0(a) is defined 
by 

0(a) = {G d E : a is in the image of i^ : Hg{G,D) Hg{E, D)}, 
where is the homomorphism induced by the immersion i : G ^ E. 

Theorem 3.6. (see [10]) For above E, D and a, let 0(a) be a homological family of 
dimension q with boundary D. Suppose that f G C^(i?,M) satisfies the (PS) condition. 
Define 

c= inf sup /(a;). 
Suppose that sup f{x) < c and f is Fredholm on 

je^if) = {x e E : fix) = 0, fix) = a}. 

Then there exists an x & ^c{f) such that the Morse index m~{x) and the nullity m°(x) 
of the functional f at x satisfy 

m^{x) < q < m~{x) + m°(x). 

It is clear that a critical point of is a solution of (13.11) . For a critical point z = z(t), 
we define the linearized systems at z{t) by 

yit) = JH"{t,zit))yit). 

Let B(t) = H"(t, z{t)). Then the Lg-index pair of z is defined by (^^(,(2), z/i(,(z)) = 

Proof of Theorem 13.11 We follow the ideas of [14] to prove Theorem 13.11 We carry 
out the proof in 3 steps. 

Step 1 The critical points of <^m- 

Set Sm = X~ © X°. Then dim Sm = rnn + dim X° = mn + dim ker A = mn + n, 
dim X+ = mn. 

In the following, we prove that (Prn{z) satisfies: 

(I) fm{z) > /3 > 0, G y„ = x+ n dB,{o), 
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(II) <^m{z) < < P, e dQ„,, where Qm = {re\r e [0,ri]} © (5,,(0) n 
e G X+ndBi{0), n > P, rs > 0. 

First we prove (I). By (115), for any e > 0, there is a 5 > such that Hxit, z) < e\z\'^ if 
\z\ < 5. Since Hxit, z)\z\~^ is uniformly bounded as \z\ —>■ +oo, there is an Mi = Mi{K) 
such that Hxitjz) < Mi\z\* for 1^1 > 6. Hence 



HK{t,z) <e\z\^ + Mi\z\^, Wze 



n2n 



For z G Fm, we have 



HK{t,z)dt < e\\z\\l2 + Mi\\z\\l, < {ecl + Mi4\\z\\^)\\zf. (3.4) 
By (I32D and (jSJl) 

1 1 n 

iPm{z) = -{Az,z) - -{Bz,z) - HKit,z{t))dt 
^ ^ Jo 

> ^|kf-§^lkf -(ec^ + Micl||.f)||.f 

Since 1 < j < tt/Po, we can choose constants p = p{K) > and /? = /?(-ft') > 0, which are 
sufficiently small and independent of m, such that for z G Y^, 

^m{z) > /3 > 0. 

Hence (I) holds. 

Next prove (II). Let e G X + n dBi and z = z' + z'^ e Sm- By ([S2D and ([S3D, there 
holds 

1 1 ' P - 

V9.m(z + re) = -{Az~ ,z~) + -r'^{Ae,e) - {B{z + re),z + re) - Hxit, z + re)dt 

2 2 Jq 



< -ttII^^II' + TT^'- / HK{t,z + re)dt, (3.5) 
2j 2] 







If r = 0, by (H4), we see that 



^m{z + re)<- — \\z~\\^ <Q. (3.6) 
23 

If r = ri, or ||2;|| = r2, then from (H6), We have 

HK{t,z)>h\z\'s -h2, (3.7) 
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where 61 > 0, 62 are two constants independent of K and m. Then by (13.71) . 

P . P 1 

/ Hxit, z + re)dt > bi \z + re\sdt — jb2 
Jo Jo 

> 63 (^j^ \z + re\'^d?j'' -64 

> &5 +^^) -h, (3.8) 
where 63, 64 are constants and 65 > independent of K and m. Thus by (13. 8p . (13. 5p is 

(^^(z + re) < -^\\z-f + ^r^-b5 (|k°||i + ri) +64, (3.9) 
Thus we can choose large enough ri and r2 independent of K and m such that 

<fm{z + re)<0, on dQm- 

Then (II) holds. 

Because Qm is deformation retract of X^, then Hg{Qm, dQm) — Hg{Xm, dQm), where 
q = dim 5*^ + 1 = ran + n + l = dim Qm, and c^Q^ is the boundary of Qm in 5*^ © {Me}. 
But Hq{Qm,dQm) = Hg^i{S'^-^) = R. Denote by i : Qm ^ Xm the inclusion map. Let 
a = [Qm] G Hq{Qm,D) be a generator. Then is nontrivial in Hq{Xm,dQm), and 
(f){i^.a) defined by Definition 13.51 is a homological family of dimension q with boundary 
D := dQm and G (t>{i^a). dQm and are homologically link (see [7]). By Lemma 
13. 3[ ipm satisfies the (PS) condition. Define Cm = inf sup ipm{z). We have 

Ge(/>(j.a) 

IT 

sup v'm(^) < < /3 < Cm < sup ipmiz) < —rl. (3.10) 



Since is finite dimensional, y^'^ is Fredholm. By Theorem 13.61 <^m has a critical point 
with critical value Cm, and the Morse index m~{zj^) and nullity m°(2;™) of zj^ satisfy 

m-(z7) < mn + n + 1 < m-(zf) + m°(z7). (3.11) 

Since {cm} is bounded, passing to a subsequence, suppose Cm ^ c E By the 

(PS)* condition of Lemma [231 passing to a subsequence, there exists an Zj G X such that 

Step 2 The solution of (1331) . 
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Because the critical value c has an upper bound ^rf independent of K, then 
1-rl > c = (f{zj) - ^(^^'(^j), Zj) 

- (l-^) l\^J'^HKit,z,))dt. (3.12) 
Then by ( Km . J^{zj, VHK{t, Zj))dt has an upper bound independent of K, 

/ {zj,V H K{t, Zj))dt < M, for constant M independent of K. (3.13) 

By Hxit, Zj) < e{zj, VHK{t, zj)), then by fl37[3D . 

rj 

HK{t,Zj)dt <eM. (3.14) 







Thus by (ETD and (EUD, 

(bi\zj\'l - 62) ^^-J^ ^K{t, zj)dt < OM, 



I.e., 



OM > hi \zj\ht- 62 j > b[ (^j^ \zj\^d?j " - 62J. (3.15) 

Thus by (I3.15p . ||-2j|||2 < M2, where M2 is independent of K, i.e., 

IkjlUa < where M3 is independent of K. (3.16) 

Since 

IkjlUi < C'||2;j||L2 < M3, where C > is independent of K. (3-17) 

Thus by (13.161) and fl3.17p . has an upper bound independent of K. We use Young's 

inequality. For any w G ^^"'^'^([O, j], M^"), w{t) — w{t) = w{s)ds. Integrating with 
respect to t shows that 

rj rj r-r 

jw{T) — / w{t)dt = / w{s)dsdt, 
Jo Jo Jt 



I.e., 



\3w{t)\ 



j rj i"r 

w{t)dt + / w{s)dsdt 
Jo Jt 

rj rj r'T 

< I \w{t)\dt+ I I \w{s)\dsdt 
Jo Jo Jt 

< IIwIIli + j / \w{s)\ds 

Jo 

= + j\\w\\Li, 
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i.e., 



|w(r)| < : h 



|w||loo < — — + (3.18) 



Therefore 



I^IUi = \\JB{t)z,^ JVHK{t,Zj)\\L^ 

< MzjWli + r \VHKit,Zj)\dt 

Jo 

< (3oM'^+ [\zj,VHK{t,z,))dt + bj 

Jo 



< /?oM3 + Mj + bj < M4. (3.19) 

Thus ||ij||Li has an upper bound independent of K. Then from fl3.17p . fl3.18p and (13.191) . 
||-2j||L°° < Kq, where Kq is independent of K. We choose K > Kq, therefore Hxit, zj) = 
H(t,Zj). Consequently, Zj is a nontrivial solution of (13. ip . Then by Lemma [1.31 we get a 
nonconstant brake solution Zj of the Hamiltonian system (II. ip . 
Step 3 Let B{t) = H'l^{t, Zj{t)), d =^\{A - Bf\\-\ Since 

\W{x) - (A - B) II ^ as \\x - 2^11 0, 

there exists a r3 > such that 

y\x)-{A-B)\\<hi, "^x eVr^{zj) = {x e X\ \\x-Zj\\<r^}. 



Then for m large enough, there holds 



ol{x) - Pm{A - B)P^\\ < -d, Vx G Vr,{Zj) H Xm. (3.20) 



For X e Vr,,{zj) n Xm, Vm e M^-(P™(A - 5)P„) \ {0}, from fl3:20D we have 

{^l{x)u,u) < {Pm{A-B)P^u,u) + y';,ix)-PUA-B)Pj\-\\uf 

< ~d\\uf<0. (3.21) 

Thus by (Km . 

dimM-(^'4(x)) > dimM^-(P„(A - P)P„), Vx G Vr.izj) n X„. (3.22) 
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Similarly, we have 

dimM+i^lix)) > dimM+(P^(A - 5)P™), Vx G Vr,{zj) H (3.23) 

By (13.111) , (I3.22p , (13.231) and Theorem 13.21 for large m we have 

mn + n + 1 > m~{z'^) 

> dimM^-(P„(A-5)P™) 

= mn + iLo{B) +n. (3.24) 

We also have 

mn + n + 1 < mT {zf) + m^{zf) 

< dim {P^{A - B)Pm) ® dim M°(P„(A - B)P^) 

= mn + iLoiB) +n + ULoiB). (3.25) 

Combining (I3.24p and (I3.25p . we have 

iLoiZj) < 1 < iLoiZj) + ULo{Zj). 

The proof of Theorem 13.11 is complete. □ 

It is the time to give the proof of Theorem 11.11 and II. 2[ 
Proof of Theorem 11.11 For 1 < A; < ir/jSo, by Theorem 13. H we obtain that there is a 
nontrivial solution {zk, k) of the Hamiltonian systems (13.11) and its Lo-index pair satisfies 

iLoizk, k) <1< iLoizk, k) + z/Lo(zfc, k). (3.26) 

Then by Lemma [1.3[ {zk,2k) is a nonconstant brake solution of (11.11) . 

For k G 2N — 1, we suppose that (5i,2) and {zk,2k) are not distinct. By (13.261) . 
Theorem 12.81 and Theorem 12. 9[ we have 

k — 1 

1 > iLo{zk,k) > iLoizi, 1) H — {ii{zi,2) + iyi{zi,2) - n) 

k — 1 

> iLoizi, 1) H — {hoizi, 1) + iiiizi, 1) + n + ulo{zu 1) + J^Li{zi, 1) - n) 

k — 1 

= iLo{zi,l)-^ ^iiLoizul) + hiizul) + iyLoizi,l) + iyL^{zi,l)), (3.27) 

where Li = M'^ © {0} G A{n). By (H3), (H7) and Theorem EH we have iL^zi, 1) > 0. 
We also know that uiiizi, 1) > and iLo{zi, 1) + ul^^^zi, 1) > 1. Then (I3.27P is 

l>^Lo(^i,l) + ^- (3.28) 
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By < iLoi^i, 1) < 1; from fl3.28p we have < 1, i.e., k < 3. It is contradict to k > 5. 
Similarly, we have that for each k E 2N — 1, k > 5 and kj < 1 < j < {zj, 2j) and 
{zkj,2kj) are distinct brake solutions of (11. ip . Furthermore, (5i,2), {zk,2k), (5^2, 2A;^), 
(ffc3, 2fc^), ■ ■ ■ , {zkp, 2kP) are pairwise distinct brake solutions of (11. ip . where k G 2N — 1, 
> 5 and 1 < < ^ with p e N. 

For G 2N, as above, we suppose that {zi, 2) and {zk, 2k) are not distinct. By (I3.26p . 
Theorem 12.81 and Theorem 12. 9[ we have 

l>^Lo{zk,k) >iLo{z,,l) + i%{zi,l)+ (2i(5i,2) + z/i(ii,2)-n) 

> Zi,(zi,l) + z^(2;i,l)+ (^^-1^ (2i,(zi,l) + U,(2;i,l)+n 
+z/Lo(2;i, 1) + z/Li(2i, 1) - n) 

= Zi„(Zi,l)+Z^(2;i,l)+ (^^-1^ {lL^{zi,l) + ZlMA) + ^Lo{Zi,l) 

+^^Li(^i,l)). (3.29) 

Similarly, we also know that iLi{zi, 1) > 0, ul^^Zi, 1) > 0, iLo{zi, 1) + ^'Lo(-2i, 1) > 1. By 
Remark Eini we have i'^{zi, 1) > iioi^i, 1) > 0. Then (IX^ is 

l>^Lo(^i,l)+(^-l). (3.30) 

By < iLoizu 1) < 1, from fl330D we have | - 1 < 1, i.e., k < A. It contradicts to A; > 5. 
Similarly we have that for each k G 2N, A; > 6 and fcj < 1 < j < {zj,2j) and 
{zkj,2kj) are distinct brake solutions of (II. ip . Furthermore, (zi,2), {zk,2k), (5^2, 2A;^), 
(ifc3,2/c'^), {zkp,2kP) are pairwise distinct brake solutions of (II. ip . where k G 2N, 
A; > 6 and 1 < F < ^ with j9 G N. 

In all, for any integer 1 < j < Zj and distinct brake solutions of (II. ID 

for k > 5 and A;j < Furthermore, {5fcp|p G N} is a pairwise distinct brake solution 
sequence of (ll.ip for k > 5 and 1 < A;^ < The proof of Theorem 11.11 is complete. □ 

We note that Theorem 11.21 is a direct consequence of Theorem 11.11 
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